Reduced order models employing the Lagrange and POD reduced basis methods in numerical approximation and feedback control of systems are presented and numerically tested. The system under consideration is a thin cylindrical shell with surface-mounted piezoceramic actuators. Donnell-Mushtari equations, modi ed to include Kelvin-Voigt damping, are used to model the system dynamics. Basis functions constructed from Fourier polynomials tensored with cubic splines are employed in the Galerkin expansion of the full order model. Reduced basis elements are then formed from full order approximations of the exogenously excited shell taken at di erent time instances. Numerical examples illustrating the features of the reduced basis methods are presented. As a rst step toward investigating the behavior of the methods when implemented in physical systems, the use of reduced order model feedback control gains in the full order model is considered and numerical examples are presented.
Introduction
There is a vast and growing literature on the design of feedback control laws based on partial di erential equation (PDE) models for physical systems. Much of the attention has been on theory { for a partial summary see Chapter 7 of 5] and the references cited therein. More recently, e orts to experimentally implement the theoretical ideas from feedback control theory have provided additional stimulus for the development of e cient computational methodologies. In 5, Chapter 8], 4], investigators succeeded in experimentally implementing PDE-based feedback controls and compensators on a simple physical system involving a thin plate, obtaining signi cant control authority in the context of smart material technologies (in particular, piezoceramic sensing and actuation). The e orts involve real time computationally intensive algorithms which are unlikely to be extended to more complex physical arenas such as shells 7, 8, 9] or structural acoustic systems 2] if the computations are based on usual nite element methods for full-order, physically accurate PDE models. Thus, the success of future e orts in the direction of PDE-based control and compensator design clearly rests in the development of reduced order model based calculations for use in on-line, real-time control methodologies. This note o ers a rst step in that direction. We present here some initial computational ndings for reduced order model feedback control design using two distinct but related approaches: (i) the so-called reduced basis shell simulation examples. We begin Section 4 with reduced order model control designs applied to the reduced order model system, which is not what one must do in actual applications. To gain better insight into the performance of the ideas in applications, we nish Section 4 with a discussion on the use of the reduced order designed gains in the full order system.
Shell Model
In this section, we present the model for a thin cylindrical shell having piezoceramic patches bonded in pairs to the inner and outer surfaces. As shown in Figure 1 , points on the shell have coordinates (x; ), where the x-axis is aligned with the longitudinal axis of the shell and the -axis is oriented along the circumference. The radius of the shell is denoted by R, the thickness by h, the center of the i th patch pair by ( x i ; i ), and the longitudinal, circumferential and tangential displacements of the middle surface by u, v and w, respectively. Furthermore, we denote the density of the shell by , Young's modulus by E pe , Kelvin-Voigt damping parameters by c D and Poisson ratio by . Corresponding parameters for the patches, assumed uniform for all the s pairs, are denoted with the subscript pe and are given by h pe ; pe ; E pe , c Dpe and pe . Edge coordinates of the i th patch pair are given by x 1i ; x 2i ; 1i ; 2i . The actuating capabilities of the piezoceramic patches come from material deformations which occur in response to applied voltages, and the proportionality constant d 31 relates the generated strain to the voltage input. Passive patch contributions in the density, moment and force resultants are neglected and the glue bonding layer is assumed to have negligible contribution to the structural dynamics. For systems incorporating passive patch contributions, see 5, 7] , and discussions regarding incorporation of bonding layers in the model could be found in 5] .
Shell equations are derived in 5, 12] by considering strain-displacement relations, stress-strain relations, internal force and moment resultants, and equations of motion. ; (8) and the approximating system is determined by restricting the weak form (5) 
Here the control input vector U(t) has elements U(t) = V 11 (t); V 21 (t); : : : ; V s1 (t); V s2 (t)] 
Full Order Basis Methods
Use of standard Galerkin basis elements such as cubic splines, linear splines or Legendre polynomials will be referred to as full order basis methods. Full order methods employing cubic splines in the x-direction and Fourier polynomials in the circumferential direction were investigated in 7], 8] and 9]. The choice of these basis elements was motivated by smoothness, convergence and accuracy criteria. It was shown that a large dimension of N = 333 basis elements, resulting in a rst-order system (10) of dimension 2N = 666, was needed to fully approximate the shell equations. The reduced basis methods we discuss below involve the use of a much smaller (e.g., N = 9) approximating subspace of V N in order to reduce the dimension of the systems (9) and (10).
Lagrange Reduced Basis Method
The basis elements in the Lagrange subspace are snapshots of the model obtained by solving the system (5) using a full order method. Thus, the basis elements in the u, v and w directions are taken to be fB u i (x; )g Nu i=1 = fu N (t i ; x; )g Nu i=1 , fB v i (x; )g Nv 
The matrices C v and C w are de ned similarly. Since the matrix C u is nonnegative and Hermitian, it has a complete set of orthogonal eigenvectors with corresponding eigenvalues 8
To determine the dimension of the reduced basis space in the u direction, we determine the integer N u such that the sum of the rst N u eigenvalues gives a good approximation to the sum of all the eigenvalues, i.e.,
. P Ns i=1 i gives the percentage \energy" of the full order model contained in the POD reduced order model. The dimensions N v and N w are determined by considering the eigenvalue ratios of the matrices C v and C w , respectively.
Numerical Example
The following numerical example illustrates the use of Lagrange and POD reduced order methods and compares their performance with full order methods. The shell and patch parameters used are given in Table 1 below. External excitation is modeled by a periodic noise source localized near the axial shell center (x =`=2) and at = 0 and = with de nition q x (x; ; t) = 1 100 e ?20(x?`=2) 2 ( )g(t) q (x; ; t) = 0 q (x; ; t) = e ?20(x?`=2) 2 ( )g(t)
; ( ) = 
and g(t) = sin(640 t) + sin(880 t) + sin(1200 t) + sin(1320 t) + sin(1640 t) : (14) Note that the temporal component g(t) contains ve frequencies. Time history plots are created by recording displacements at the point p 1 on the shell with coordinates p 1 = (x;^ ) = (3`=4; =4). In the succeeding sections, control attenuation is illustrated by plotting root mean square (RMS) displacements along the lines L 1 and L 2 on the shell. In Figure 2 , we depict the location of the point p 1 , the spatial distribution of the external forcing function (13) , and location of the lines L 1 = f(x; )j0 x `; = =6g and L 2 = f(x; )jx = 3`=4; 0 2 g.
Full order simulations, used as a baseline for comparison with reduced order methods, were obtained using discretization levels of N u = N v = 117 and N w = 99, for a total of N = 333 basis elements in the second order system and 2N = 666 in the rst-order system. The additional zero-slope boundary condition (4b) had to be satis ed by the cubic spline/Fourier polynomial basis elements in the w direction and hence N w is less than N u and N v (see 3] for a more detailed discussion).
Reduced basis method approximations are compared with full order solutions using thè 1 norm of the di erence between the displacements. This is done by taking 500 full and reduced order point displacements at p 1 over the time interval simulation, and summing the absolute value of the di erence between the reduced order and full order dispacements.
Lagrange Reduced Order Method: The Lagrange reduced order method was tested using discretization sizes of N u = N v = N w = 1; 2; 3 and 4 (N = 3; 6; 9 and 12). Note that as opposed to the full order method, the same discretization levels could be used for each displacement direction because each reduced basis function (being a full order solution) already satis es the boundary conditions. We also point out that uniform discretization in the three directions were used for ease in exposition and that the user could choose to do otherwise. For each discretization level, intuition was used to obtain the time instances at which reduced basis functions will be realized to obtain the best approximation. Over the time interval t = 0; 0:1]s, our experience revealed that the least`1 errors are obtained with basis functions taken at the time following time instances: (i) N = 3; t i = 0:0333s; (ii) N = 6; t i = f0:0200; 0:0667sg; (iii) N = 9; t i = f0:0200; 0:0333; 0:0667sg; (iv) N = 12; t i = f0:0200; 0:0500; 0:0:0667; 0:1g. Table 2 , where we present the`1 norm of the di erence between full and reduced order approximations, that the`1 error decreases as the dimension of the Lagrange basis increases. One shortcoming of this method is the tendency of the condition numbers to become very large as the number of basis functions increases. To illustrate this, the condition number of the mass matrix M N and sti ness matrix K N E are also reported in Table 2 .
It is seen in
The time histories at the point p 1 using N = 9 Lagrange basis functions together with trajectories from the full order and POD model (whose implementation will be discussed shortly) are presented in Figure 3 below. It could be seen from the plots that the full order, Lagrange and POD approximations are graphically indistinguishable from each other and that the reduced order models give a good approximation to the full order system. Since numerical results with N = 6 and 12 Lagrange basis functions are similar to those with 9 basis functions, the plots are not given here. As shown by the large`1 error in Table 2 N kudiffk`1 kvdiffk`1 kwdiffk`1 (M N ) (K N E ) 3 3.23e-05 2.33e-04 6.20e-04 1.4e+00 2.0e+02 6 1.61e-06 1.74e-06 2.55e-05 3.2e+00 1.3e+03 9 5.37e-07 3.83e-07 9.61e-06 8.3e+04 1.8e+05 12 5.32e-08 2.63e-07 3.25e-07 9.7e+05 3.8e+07 Table 2 .`1 norm of the di erence between full and Lagrange reduced order models and condition numbers of the mass (M N ) and sti ness (K N E ) matrices.
POD Reduced Order Method:
The POD reduced order method was tested by obtaining N s = 20 snapshots of the model from which POD basis functions of the form (11) are created. As in the Lagrange simulations, N = 3; 6; 9 and 12 discretization levels were employed. In Table 3 we note that the`1 norm of the di erence between solutions of the full order and POD reduced order models decreases as the dimension of the reduced basis space increases. Moreover, condition numbers of the mass and sti ness matrices remain small as more basis functions are added. The condition number 1 for all mass matrices M N in Table 3 results from the orthogonality of POD basis functions. We point out that even though the`1 error of the di erence between the full order and Lagrange reduced order method approximations are slightly better as reported in Table 2 , the basis functions there were chosen, using intuition and trial and error, to give good approximations, and so that level of accuracy is generally much more di cult for users to attain. As mentioned earlier, displacements at the point p 1 using N = 9 POD basis functions, together with full order and Lagrange reduced order approximations are illustrated in Figure 3 . As in the Lagrange method, results with N = 6 and 12 are similar to those with N = 9 and hence are not reported. Only 52%; 59% and 54% of the full order model energy in the u; v and w directions, respectively, were captured by the POD method with N = 3 basis functions, indicating poor approximation at this discretization level. Hence plots with N = 3 are not given here. The energy percentage increased to 99:9% (for each of the three directions) when N = 6 basis functions were employed and thus, as expected, discretization levels of at least N = 6 provided good approximation to the full order system (see Table 3 ).
N kudiffk`1 kvdiffk`1 kwdiffk`1 (M N ) (K N E ) 3 3.28e-05 2.36e-04 6.31e-04 1.0e+00 1.2e+01 6 1.71e-06 3.66e-06 2.62e-05 1.0e+00 1.0e+03 9 4.03e-07 2.97e-07 7.22e-06 1.0e+00 1.1e+03 12 2.70e-07 2.48e-07 4.84e-06 1.0e+00 1.9e+03 Table 3 .`1 norm of the di erence between full and POD reduced order models and condition numbers of the mass (M N ) and sti ness (K N E ) matrices. 
Control Problem
In this section, we brie y discuss a feedback control methodology for the shell system (10) excited by a periodic exogenous force given by (13) and (14) . Numerical examples illustrating methods based upon the full order, Lagrange and POD reduced order models are presented. In the second half of the section, we develop a method to implement reduced order based controls in the full order model and present numerical results.
As (15) subject to the system _ z 2N (t) = A 2N z 2N (t) + B 2N U(t) + G 2N (t) z 2N (0) = z 2N 0 ; (16) where is the period of the exogenous force G 2N and U(t) 2 l R 2s (s is the number of patch pairs). We point out that (16) can be obtained using the full order, Lagrange, or POD approximation methods with the dimension N dictated by the order of the method. The displacements and voltages to the patches are weighted using the matrices Q 2N and R 2s , respectively. As detailed in Chapters 8 and 9 of 5], the optimal control which minimizes (15) 
respectively. In the following simulations, twelve patch pairs bonded to the shell were used as actuators. The dimensions and material properties for both the shell and patches are given in Table 1 . All patches were assumed to have a uniform dimension of x length = 0:1m and width = =6 with the location of the center of each pair summarized in ; (21) where I is the identity matrix, M N is the mass matrix and K N E denotes the sti ness matrix. The matrix of control weights R 2s was taken to be the diagonal matrix R 2s = r I 2s 2s . The parameters d i ; i = 1; : : : ; 6 and r were used to maximize attenuation and limit voltage input to the patches to approximately 100 volts rms. In the simulations reported on here, we used d i = 10 13 ; i = 1; : : : ; 6; and r = 50. Time histories are again recorded at the point p 1 . To further demonstrate the controlled system, root mean square displacements at the lines L 1 and L 2 are plotted (see Figure 2 for the location of p 1 ; L 1 and L 2 on the shell). At each point on the RMS lines, 500 displacements were recorded and the root mean square displacements on L 1 in the longitudinal direction were computed using the relation RMS displacements in the other directions and on L 2 are calculated similarly.
In Figure 4 , we present full order, uncontrolled and controlled RMS displacements together with controlled RMS displacements for the Lagrange (N = 9) and POD (N = 9) reduced order models. Time histories at the point p 1 in the full order, Lagrange and POD reduced order models are depicted in Figure 5 . We point out that great di culty was encountered in obtaining full order Riccati solutions due to large matrix dimensions and ill conditioning. Better attenuation is attained with reduced order models (than with full order models) due to smaller matrix dimensions resulting in better conditioning of the mass and sti ness matrices and hence more accurate Riccati solutions. Reduced order gains applied to the full order system One primary goal of this research is to develop a method to compute control gains from observations of a physical shell system using a discretized PDE model and implement the computed control gains in real time to the physical system. Numerical results from model reduction techniques given in previous sections indicate the feasibility of real time computation by reducing the number of unknowns without degrading the performance of the model and without losing control authority. While studies of the reduced order controllers applied to the reduced order model dynamics are useful, they do not truly indicate the performance of the controller when applied in practice. To obtain information in this regard, we next investigated the performance of control gains computed from the reduced order model when applied to the full order system. It has been shown through careful analysis of natural frequencies and modes in 7] that the full order system closely approximates the in nite dimensional system. With this assumption, applying the reduced order gains to the full order system is a reasonable way to investigate the anticipated performance of the method when used on an actual physical system. While our early calculations give some indication of how a feedback gain based on reduced order models might perform when applied to either the true in nite dimensional system or even a large nite dimensional model, the results are only suggestive. Further evidence will be available once reduced order model based controllers are implemented experimentally.
We illustrate the use of POD reduced order gains in controlling the full order system, but the method we present could be readily adapted for the Lagrange, Hermite or Taylor reduced basis methods.
We denote the full order space by V N and the POD reduced basis space by V N P . To employ a POD reduced order based optimal control in the full order equation
we must nd a projectionP : l R 2N ! l R 2N P so that we can employ the reduced order feedback gains with full order observations in U(t) = ? R 2s ?1 B 2N P T h 2N PP z 2N (t) ? r 2N P (t) i :
To this end, note rst that the Galerkin approximation y N (of the solution to (5)) is the projection of the in nite dimensional solution y into the nite dimensional subspace V N . Similarly, it follows that y N P is the projection of y into V N P . Denote the projection operator from V into V N P by P N P and denote the projection from V N into V N P by P N P V N . Since the same inner products are used in V; V N and V N P and V N P V N V , it follows that P N P y N = P N P V N y N = y N P for all y N 2 V N :
This implies that the reduced order state (y N P ; _ y N P ) 2 V N P V N P is the projection of the full order state (y N ; _ y N ) 2 V N V N from V N V N into V N P V N P , which is equivalent to mapping the vector of basis coe cients z 2N into z 2N P (the vector z 2N is de ned following (10)). We obtain this projection by pre-multiplying z 2N by the matrix representation of the projection P N P V N P N P V N from V N V N into V N P V N P . Denoting the matrix representation of P N P V N by P N P , thenP which we use in (23) is then given bŷ P = " P N P P N P # :
Note thatP is the matrix representation of P N P V N P N P V N . The reduced order gains applied in the full order feedback loop, i.e., (23) 
The computation and structure of the matrix P N P 2 l R N P N is dictated by the component nature of the state y = (u; v; w). The spaces V N and V N P are product spaces as expressed in (7), so the projection P N P V N has three components is formed and we obtain the full order feedback loop based on reduced order control gains in (25).
In Figures 6 and 7 , we present time history and RMS plots when the feedback control based on N = 9 POD basis functions is implemented in the full order system. As might be expected, the resulting attenuation is not as good as when the reduced order control is applied in the reduced order model. However, the overall e ectiveness of the feedback control is still quite impressive. Results with N = 6 POD basis functions are similar. Since the system was not resolved with N = 3 POD basis functions (as indicated in Table 3 ), good attenuation was not obtained (see 3, p. 31]) in the case N = 3. Somewhat surprisingly, good attenuation using N = 12 POD basis functions was not attained. Indeed, computations suggested great di culty in stabilizing the system based on 12 POD element designs. An analysis of the controllability matrix of the POD reduced order system suggests a possible explanation. Its rank continues to decrease (as more POD elements are used) relative to the maximum possible rank until the system becomes signi cantly uncontrollable (see 3, Table 9 ] for the ranks of the controllability matrices with N = 3; 6; 9 and 12 POD basis functions). Therefore, as we increase the number of POD basis functions, the system becomes increasingly more di cult to stabilize. Since stabilizing feedback control in the reduced order model is already more di cult with 12 basis functions than with 9, then stabilizing control in the full order model is likely to be much more di cult. 
Concluding Remarks
These preliminary computational investigations on the use of reduced order model based feedback control design suggest several positive features of such an approach. When they are e ective, these designs can o er signi cant control authority with substantially reduced on-line computational requirements. Very low order designs (with cheap calculations) su ced in several of the examples we tested. Both Lagrange and POD based reduced basis methods can be e ective, but both also have the potential for signi cant di culties. By their very nature, controllability de ciencies are inherent in both approaches and can in some cases render the methods useless. Increasing the order of approximation in the system can yield a badly uncontrollable system for which the design is destabilizing. The Lagrange reduced basis methods o er no systematic way to increase the level of approximation, and ill-conditioning of system matrices can thwart e orts at increased accuracy in approximations. For the POD based methods, there is a systematic, optimal way to improve the level of approximation. Moreover, one can retain well-conditioned system matrices in doing this. In theory and in \textbook" examples (applying POD designed controllers to the POD system itself), the methods work well with increased order of approximation leading to improved results. However, in practice (use of POD based control designs in the full order model) controllability and stabilizability features (de cits) can become worse as one increases the number of basis elements.
Our preliminary calculations suggest that reduced order model feedback control design ideas are worth pursuing. While they may prove quite adequate in some applications, there is still much to be learned. Our extensions of these ideas to compensator design and application to nonlinear system dynamics is currently underway but is in its infancy. We are also in the process of developing laboratory experiments to test the practical feasibility 21 of the methods. It is somewhat early to make a de nitive statement about the e ectiveness of reduced order model design in general and POD design in particular in feedback control applications, especially for nonlinear systems.
